Abstract-The paper describes an efficient calculating procedure for the steady-state operation of a single-phase line-start capacitor-run permanent-magnet motor. This class of motor is beginning to be applied in hermetic refrigerator compressors as a high-efficiency alternative to either a plain induction motor or a full inverter-fed drive. The calculation relies on a combination of reference-frame transformations including symmetrical components to cope with imbalance, and dq axes to cope with saliency. Computed results are compared with test data. The agreement is generally good, especially in describing the general properties of the motor. But it is shown that certain important effects are beyond the limit of simple circuit analysis and require a more complex numerical analysis method.
I. INTRODUCTION
The line-start permanent-magnet motor is a synchronous hybrid permanent-magnet/reluctance brushless motor that is being developed for applications including compressors and others that require a high-efficiency alternative to the induction motor. These are often capacitor motors fed from a single-phase supply, as is the motor in Fig. 1 , [1] . In common with induction motors for such applications, there are two phase windings, the main and auxiliary, and both have an approximately sinusoidal distribution of turns in a concentric layout, Fig. 2 .
The history of these motors can be traced back at least 50 years, and it is closely interwoven with that of the synchronous reluctance motor. From the 1960's onwards, analysis methods were developed not only for steady-state operation, but also for the starting, the asynchronous performance, the pull-in performance, and the stability, mostly for polyphase versions which in many cases were "line-started" on to a voltage-source inverter with no shaft position feedback [7!12] . Very few papers have focussed on the single-phase capacitor motor operating at line frequency, [2] . This paper continues the work started in [4] . 
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II. ANALYSIS
A. Reference-frame transformations
The analysis follows the sequence of reference frame transformations in Fig. 5 , originally published in [4] ; see also [5,6,15!19] . The transformation for current is developed on the basis of equal MMF , power invariance will be maintained if the same transformations are applied to the currents in both directions: i.e., with inverse Substituting from eqns. (8) and (10) in (6), we get where and Z 1 is the positive-sequence impedance and Z 2 the negativesequence impedance. Combining (11) with (8), we get and Once I 1 and I 2 are known (from the solution described later), the actual winding currents follow:
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B. Solution of the positive-sequence system
The positive-sequence system must be solved to obtain Z 1 . If V 1 is assumed known, the phasor diagram can be used to find I 1 , and since the positive-sequence system involves a forward-rotating ampere-conductor distribution synchronized with the rotor, it is convenient to solve the phasor diagram in dq axes as shown in Fig. 6 . For reasons explained later, it is assumed that the load-angle * and the positive-sequence voltage V 1 are known, and the diagram is solved for I 1 . With p pole-pairs, the torque is given in two components: the permanent-magnet alignment torque, and the synchronous reluctance torque Note that the "number of phases" does not appear in these equations. There is only one positive-sequence "phase" and it accounts for all the positive-sequence power.
When the magnet rotates on open-circuit it generates the EMF E m = jTNmM in the main winding and E a = !TN a M in the auxiliary winding, where M is the fundamental magnet flux/pole. Thus E a = +j E m /$. From eqn. (3) we get E " = E a = +j E m /$ and E $ = E m /$. Then from eqn. (7) Thus if E q1 is normally calculated for the main winding (N m turns), it must be scaled by /2/$ to get the positive-sequence value to be used in Fig. 2 .
Note that the dq axes in Fig. 6 can be interpreted as a further reference-frame transformation into a d-axis and a q-axis circuit, as is apparent from the equations used to solve this diagram. As they are standard and self-evident from the diagram, they are not repeated here. This transformation is depicted in Fig. 5 .
C. Solution of the negative-sequence system
The negative-sequence system must be solved to obtain Z 2 . For this purpose the motor equations are written in dq axes fixed to the rotor, and solved for a slip s = 2. (See [4] ). For the stator we have where R d = R q = R, the stator resistance/phase. Evidently all the impedances in this system, including Z 2 , are referred to a winding with a particular number of turns. It is usual to calculate impedances referred to the main winding with N m turns. If both windings have the same total copper crosssection, we can write R a = R m /$ 2 where R m is the resistance of the main winding, and R a the resistance of the auxiliary. The resistance matrix of the [a,m] machine is then Using the transformations (1) and (3), if we first write we get from which
The same process is applied to obtain [R 1, 2 
] from [R ",$ ] using the transformations [S] and [S]
!1 in eqns. (7) and (10): thus
From this it appears that in the solution of the negativesequence system all resistances and inductances should be referred to the auxiliary winding: for example if they initially calculated for the main winding turns N m , they should be scaled by 1/$ 2 .
The voltage and current must also be scaled correctly. The negative sequence voltage is not known a priori, but suppose the value is V 2 . Considering the negative-sequence system in isolation, we can set V 1 = 0. Then from eqn. (28) it appears that if the voltages to be used in the negative-sequence system are to be referred to the auxiliary winding, they must be scaled from V 2 by 1//2.
It is now possible to proceed with the solution of eqns. The average negative-sequence torque is also computed as Again, as in eqn. (19) , the number of "phases" does not appear in eqn. (44) because there is only one "phase" in the negative-sequence system. The analysis in this section is taken from Adkins [20] , and the relationship between the dq axes and the negative sequence component is depicted in Fig. 5 , in which the symbol <> reflects the fact that Z 2 is the average between the slip-dependent d-and q-axis impedances.
The negative-sequence system of equations can be used at other values of slip s, so it can also be applied to calculate the asynchronous cage torque. When added to the shortcircuit magnet braking torque, it provides a means for calculating the entire asynchronous torque/speed curve, which is important in the analysis of starting.
(44) 
D. Combined solution of the positive and negative sequence systems
So far we have treated the positive-and negative-sequence systems separately. In actual operation the link between them is provided by eqn. (14) , which "ties" the positivesequence voltage V 1 to the supply voltage V m , and eqn. (15), which does the same for the negative-sequence voltage V 2 . Only a single control parameter is needed to set the "level of operation", and the one chosen is the positive-sequence load angle * (see Fig. 6 ). The algorithm is shown in Fig. 7 . The total torque is obtained by adding eqns. (18), (19) and (44). The rotor copper loss is given by Once I 1 and I 2 are known, the phase currents can be recovered using eqns. (10) followed by (2) , and then the line current, the power factor, and the electrical power follow straightforwardly.
For the negative-sequence system it is necessary to know the coupling coefficients k d , k q and the time-constants T d and T q , Given the high value of slip (s = 2), it seems reasonable assume that the cage currents screen the interior of the rotor to such an extent that the effective leakage inductance and referred rotor resistances R dr and R qr are the same in both axes. Then where L 2 is the rotor leakage inductance and L md and L mq are the magnetizing inductances, L ds and L qs are the synchronous inductances in the two axes, and L 1 is the stator leakage inductance. The leakage inductances L 1 and L 2 and the referred rotor resistance are calculated by standard methods as though the motor were an induction motor. A more detailed method which differentiates d-and q-axis values will be published later.
(47) Test data is here compared with computation for two versions of the motor, A and B. Both motors have the same auxiliary/main turns ratio (0.7). Motor B has about 30% more turns, with a comparable slot-fill factor, and helps to show the effect of a change in supply voltage. Fig. 8 shows the efficiency as a function of load for motor A, and Fig. 9 for motor B. Agreement is close especially over the range that includes maximum efficiency. The test and computed curves deviate at high load, probably because of increasing saturation of the q-axis. The computed results are sensitive to X q , and all points in Figs. 8!11 were computed with fixed values of all the motor parameters, but for more accurate calculations it may be desirable to calibrate or adjust X q and X d using finite-element analysis, an example of which is shown in Fig. 12 . The key sections that determine the effect of saturation can be identified visually in this diagram, but more methodical adjustments can be done using the method in [21] . (See also [23,28!31] ).
Motor B has a higher maximum efficiency and this efficiency occurs at lower load. The flatness of the efficiency curve is better for motor A. In both cases the losses are dominated by copper loss, the iron loss and friction loss being quite small (in the region of 14 W combined total).
In both Figs. 10 and 11 the computed auxiliary current is close to the measured value at all loads, but it must be said that this branch of the circuit is dominated by the capacitor impedance, which is accurately known. The main winding current shows good agreement over the range near maximum efficiency, but less good at extremes of high or low load. Interestingly, the main winding current increases roughly quadratically with load, while the auxiliary current remains almost constant.
The operation is summarized in the phasor diagram of Fig. 13 which shows not only the main and auxiliary voltages and currents, but also the capacitor voltage, the open-circuit EMF E q1 of the main winding, and the symmetrical components V 1 , V 2 , I 1 and I 2 . Here the auxiliary current is small, so I 1 and I 2 are almost equal and opposite, as would be expected from eqns. (1) and (9) . The motor is operating almost as a pure single-phase motor. Evidently Z 2 is small, so the negative-sequence voltage and the backward rotating flux are both small, while the positive-sequence voltage V 1 is essentially applied to the main winding apart from the j/2 factor from eqn. (7) .
The waveforms of the various torque components can also be readily extracted from the computed results, as shown in Fig. 14. When the motor is perfectly balanced with no negative-sequence current, the torque is constant, but any degree of imbalance introduces both 2nd and 4th harmonic torque components. The negative-sequence torque is very small and does not appear in Fig. 14 . In polyphase induction motors it is usual to represent the core loss approximately by a resistor in the equivalent circuit, in parallel with the magnetizing inductance. This is possible also in the polyphase permanent-magnet motor, but in the single-phase motor there are, in effect, separate equivalent circuits for the positive and negative sequence fields, and even for the d and q-axes. In cases where the iron loss is small, a high level of precision may not be necessary, and one simple strategy is to incorporate the iron loss resistor in the positive-sequence circuit only, on the grounds that the backward field is normally small. Fig. 15 shows the general form of three alternative core loss models: L includes a single resistor R c at the phase terminals [13] ; T includes a single resistor R c in parallel with the magnetizing inductance [9] ; and Ti adds a further current-dependent resistor R i in parallel with the respective synchronous inductances in the two axes, [22] . (Fig. 15 shows only the q-axis equivalent circuit; the d-axis circuit is similar but without E q1 ).
The effect of these alternative models is shown in Fig. 16 , in terms of the available torque as a function of load angle. As a general observation, circuit L predicts lower torque for the whole range of load angles; circuit T predicts lower torque value for load angles between zero and pull-out; conversely, circuit Ti predicts higher torque for this range.
V. CONCLUSION
On the practical side, the paper clearly shows the operation of the single-phase capacitor-run permanentmagnet motor with a high efficiency and power factor. With a small run capacitor (3µF) the motor operates almost as a pure single-phase motor and, as in the induction motor, the backward field has only a weak effect.
On the theoretical side, the calculation procedure is efficient and does a good job of modelling the main performance characteristics, including the efficiency as a function of load. It provides a useful phasor diagram representation and time waveforms of the torques.
The computation is extremely fast. One load point is computed in less than one second, and all the graphs and performance data are immediately available. Although the accuracy is not perfect, it is possible to calibrate the calculation with adjustment factors, so that the computation can be used with confidence for small design modifications. The speed of computation also makes it possible to examine the effect of particular parameters quickly and thoroughly, so that one can form an idea of which parameters have the greatest effect on the performance. For example, it is found that the performance is much more sensitive to X q than to X d . As a result of this, it is clear that, as a matter of design philosophy, attention should be paid to the calculation of an accurate value of X q , and the arrangement of the design to achieve a suitable value.
Future work will include a more sophisticated estimate of the reactances, including differential frequency-dependent synchronous inductances in the two axes. Although the core losses are small, further work is desirable on these and the surface losses caused by slotting, because at such high levels every small contribution to efficiency is important.
